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Plan of the talk

1– Toda2 and q-Toda.

2– Bäcklund transformation.

3– Baxteriology.

4– Baxter operator and equation.

5– Solution of Baxter equation.
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Toda1 and Toda2.

H =
∑

n

1

2
P 2
n +Q2

n, Qn = eϕn−ϕn+1

L(µ) =















−P1 Q1 0 · · · · · · µQN

Q1 −P2 Q2 0 · · · · · ·
0 Q2 −P3 Q3 0 · · ·
...

...
µ−1QN 0 · · · 0 QN−1 −PN















One can check that TrLn(µ) are in involution with respect to the first

Poisson structure of the Toda chain

{Qn, Qm}1 = 0

{Pn, Qm}1 = Qm(δnm − δn−1,m)

{Pn, Pm}1 = 0

Pn = πn, Qn = eϕn−ϕn+1

{πn, ϕm} = δnm
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However, it is well known that TrLn(µ) are also in involution with respect

to the second Poisson structure of the Toda chain M. Adler (1979).

{Qn, Qm} = QnQm(δn+1,m − δn,m+1)

{Qn, Pm} = −2QnPm(δn,m − δn+1,m)

{Pn, Pm} = −4Q2
mδn,m+1 + 4Q2

nδn+1,m

In terms of canonical coordinates, one has

Q2
n = e−2πn+1eϕn−ϕn+1

Pn = e−2πn + eϕn−ϕn+1

{πn, ϕm} = δnm
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Why Toda2

Consider
L(µ)ξ = 0

Take the continuum limit with lattice spacing a

L(µ)ξ = 0 → a2
(

ξ′′ −
(

p′ + p2
)

ξ
)

= 0

where

p = π −
1

2
ϕ′

We should recover CFT in the thermodynamic limit of Toda2. Cf. old
works by Faddeev, Takhtadjan, Volkov, Kashaev, etc. on Liouville.
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Quantum algebra.

The quantum version of the above Poisson bracket is easily extracted
from these “old works”.

QnQm = q
1
2
(δn,m−1−δn,m+1)QmQn

PnPm = PmPn + (q
3
2 − q−

1
2 )(Q2

nδn+1,m −Q2
mδn,m+1)

PnQm = q(δn,m−δn,m+1)QmPn
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Freidel-Maillet
It is better to work with the 2× 2 Lax matrix

ln(λ) =

(

λ+ Pn −1
Q2

n 0

)

The model being non ultralocal, we look for relations of the type

Freidel-Maillet (1991)

A12(λ1, λ2)l1n(λ1)l2n(λ2) = l2n(λ2)l1n(λ1)D12(λ1, λ2)

l1n(λ1)l2,n+1(λ2) = l2,n+1(λ2)C12(λ1, λ2)l1n(λ1)

l2n(λ2)l1,n+1(λ1) = l1,n+1(λ1)B12(λ1, λ2)l2n(λ2)

The monodromy matrix is given by

TN (λ) = lN (λ) γ(λ) lN−1(λ) γ(λ) · · · l2(λ)γ(λ) l1(λ)

where γ(λ) denotes a numerical matrix satisfying

D12γ1C12γ2 = γ2B12γ1A12, γ(λ) =

(

1 0
(1− q2)λ q−1/2 + (d1/d2)λ

)

the parameter d1/d2 is arbitrary. Toda2 corresponds to d1 = 0.
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Ultralocalization.

In terms of canonical coordinates, one has

Q2
n = e−2πn+1eϕn−ϕn+1

Pn = e−2πn + q−1/2eϕn−ϕn+1

with Weyl commutation relations

e−ϕne−2πn = q2e−2πne−ϕn

We write the quantum ln(λ) in terms of these canonical coordinates

ln(λ) =

(

λ+ e−2πn + q−1/2eϕn−ϕn+1 −1
e−2πneϕn−ϕn+1 0

)

It is obviously not ultralocal.
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However

L̃n(λ) = G−1
n+1ln(λ)Gn =

(

λ+ e−2πn [q−1/2λ− (1− q−1/2)e−2πn ]e−ϕn

eϕn q−1/2

)

where Gn =

(

1 q−1/2e2πn

0 e−2πne−ϕn

)

is already ultralocal. But the monodromy

matrix involves the matrix γ(λ). So there is one more step:

TN (λ) = · · · γln(λ)γln−1(λ)γ · · · = · · · γGn+1L̃n(λ)G
−1
n γ(λ)GnL̃n−1(λ) · · ·

hence it is natural to define the ultralocal Lax matrix as

Ln(λ) = L̃n(λ)G
−1
n γ(λ)Gn

We find

Ln(λ) =

(

λ+ e−2πn λ[d2 + d1e
−2πn ]e−ϕn

eϕn d2

)
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This ultralocal Ln(λ) satisfies the usual Yang-Baxter equation

R12(λ1, λ2)L1,n(λ1)L2,n(λ2) = L2,n(λ2)L1,n(λ1)R12(λ1, λ2)

with quantum (twisted) R-matrix

R12(λ1, λ2) =











1 0 0 0

0 λ2−λ1

q2λ2−λ1

(q2−1)λ1

q2λ2−λ1
0

0 (q2−1)λ2

q2λ2−λ1

(λ2−λ1)q
2

q2λ2−λ1
0

0 0 0 1
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Modular Invariance.

Since the R-matrix is independent of the lattice spacing ∆, it can be

computed in the continuous CFT theory. The parameter q takes two
values related to the central charge by :

c = 1 + 6

(

b+
1

b

)2

, q = eiπb
2

, q̃ = e
iπ

b2

c > 25

c < 1

1 < c < 25

0

b

Faddeev modular symmetry

b2 =
ω1

ω2

The two dual commuting Weyl pairs

e−ω1πe
2π
ω2

ϕ = q2e
2π
ω2

ϕe−ω1π

e−ω2πe
2π
ω1

ϕ = q̃2e
2π
ω1

ϕe−ω2π
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for d1 = 0 we find Toda2 (Harper). (d2 = e−
2π
ω2

κ2 , d̃2 = e−
2π
ω1

κ2 )

HToda2 =
∑

n

e−ω1πn + d2e
2π
ω2

(ϕn−ϕn+1)

H̃Toda2 =
∑

n

e−ω2πn + d̃2e
2π
ω1

(ϕn−ϕn+1)

For d2 = 0 we find q-Toda. (d1 = e−
2π
ω2

κ1 , d̃1 = e−
2π
ω1

κ1)

Hq−Toda =
∑

n

{

1 + d1e
2π
ω2

(ϕn−1−ϕn)
}

e−ω1πn

H̃q−Toda =
∑

n

{

1 + d̃1e
2π
ω1

(ϕn−1−ϕn)
}

e−ω2πn

We have [H, H̃] = 0

and
{

H† = H
H̃† = H̃

if ω1, ω2 real

H† = H̃, if ω2 = ω∗
1
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Our goal.

Let
t(λ) = Tr LN (λ) · · ·L1(λ)

We want to construct Baxter Q(y, x;λ) operator such that

Qω1,ω2
= Qω2,ω1

(modular invariance).

[Q(λ), Q(µ] = 0

[t(λ), Q(µ)] = 0

[t̃(λ), Q(µ)] = 0

t(λ)Q(λ) = a(λ)Q(qλ) + b(λ)Q(q−1λ)

t̃(λ)Q(λ) = ã(λ)Q(q̃λ) + b̃(λ)Q(q̃−1λ)
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Bäcklund tranformation.

To construct Baxter’s Q operator, we will use its relation to Bäcklund
transformations. The main observation of Gaudin, Pasquier 1992 is that
Bäcklund transformations are related to the triangulation of the matrix

Ln(λ) by a gauge transformation, just as Baxter constructed his Q
operator.

Bäcklund transformations are canonical transformations

(xn, Xn) → (yn, Yn), n = 1 · · ·N

that preserve the form of the Hamiltonians. This last property is achieved
if the transformation acts on the Lax matrix by a gauge transformation i.e.

there exist matrices Mn(λ), depending eventually on the dynamical

variables, such that (Kuztnetsov-Sklyanin, 1998)

L(λ;xn, Xn)Mn(λ, x, y)) = Mn+1(λ, x, y)L(λ; yn, Yn) (∗)
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L(λ, xn, Xn)M(λ, un, Un) = M(λ, vn, Vn)L(λ, yn, Yn)

Matrices L and M are symplectic orbits of Sklyanin bracket. This defines

a symplectic transformation (xn, Xn, un, Un) → (yn, Yn, vn, Vn). At the end

impose vn = un+1, Vn = Un+1. As a result (for d2 = 0, Bruschi, Ragnisco,

1988)

e−Xn =
1− d1e

−(xn+1−xn)

1− d1e−(xn−xn−1)

(t+ e−(xn−yn))(1− d2 e
−(yn+1−xn))

(1 + td1 e−(yn+1−xn))

e−Yn =
(t+ e−(xn−yn))(1− d2 e−(yn−xn−1))

(1 + td1 e−(yn−xn−1))

M(λ;un, Un) =

(

λ− te−Un λ(1− e−Un)e−un

eun 1

)

,

e−un = e−xn−1

e−Un = −
(1− d1e

−(xn−xn−1))(1− d2 e−(yn−xn−1))

(1 + d1t e−(yn−xn−1))
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The relation with the triangulation of the Lax matrix, as needed to prove

Baxter T −Q equation, is as follows. Since detMn(λ) = (λ− t)e−Un the

matrix Mn(t) is of rank one. The kernel is

Mn(t)

(

1
−exn−1

)

= 0

Then L(t;xn, Xn)Mn(t) = Mn+1(t)L(t; yn, Yn) implies

Ln(t; yn, Yn)

(

1
−exn−1

)

∝

(

1
−exn

)

as a consequence we have the triangulation property by a gauge

transformation

(

1 0
exn 1

)

Ln(t; yn, Yn)

(

1 0
−exn−1 1

)

=

(

An Bn

0 Dn

)
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LLM = MLL - Operator.

The canonical transformation (xn, Xn, un, Un) → (yn, Yn, vn, Vn) is

replaced by a similarity transformation

(y, Y, v, V ) = L
−1
t (u, x)(x,X, u, U)Lt(u, x)

Applying this to the equation

L(λ;xn, Xn)M(λ;un, Un) = M(λ; vn, Vn)L(λ; yn, Yn)

we look for an operator Lt, independent of λ, such that (Yang-Baxter ! )

Lt(u, x) L(λ;x,X)Mt(λ;u, U) = Mt(λ;u, U)L(λ;x,X) Lt(u, x)

Lt(u, x) = Pxue
−αω1Ue−

2π
ω2

(u−x)β S(−ae−
2π
ω2

t(1− e−ω1U )e−
2π
ω2

(u−x))

S(b(1− e−ω1U )e−
2π
ω2

(u−x))

Here a = q2d−1
2 , b = q2d−1

1 . This is a Volkov-type R matrix.
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The function S(x) is built from the quantum dilogarithm S(z)

S(z − iω1)

S(z)
=

1

1− e−
2π
ω2

z
,

S(z − iω2)

S(z)
=

1

1− e−
2π
ω1

z

It has an integral representation

logS(z) =

∫

R+i0+

dt

t

eizt

(eω1t − 1)(eω2t − 1)

The function S(x) is related to to the quantum dilogarithm S(z) by

S(e−
2π
ω2

z) = S(z),

It satisfies
S(q2x)

S(x)
=

1

1− x
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LLM = MLL - Kernel.

We look for Lt(u, x) as an integral operator represented by a kernel

Lt(y, v;x, u) = 〈y| ⊗ 〈v| Lt |x〉 ⊗ |u〉

where |x〉 is the basis where the operator x acts by multiplication (and

similarly for u).

e−
2π
ω2

x|x′〉 = e−
2π
ω2

x′

|x′〉, e−ω1X |x′〉 = |x′ − iω1〉,

Lt(y, v;x, u) = δ(x− v)e−
2iπ

ω1ω2
t(x−y)S(y − u+ κ2 −

i
2Ω)S(x− u+ κ1 +

i
2Ω)

S(x− y − t+ i
2Ω)S(y − u+ κ1 + t)

Here Ω = ω1 + ω2. Modular invariance is explicit.

Baxter Operator and Baxter EquationforToda2 and q-Toda chains. – p.19/32



More Baxteriology.

In exactly the same way, we can find an operator Rtt′(u, v) such that

Rtt′(u, v)Mt(u)Mt′(v) = Mt′(v)Mt(u)Rtt′(u, v)

We find

Rtt′ = Puv
S(−q2t̂′(1− e−ω1V )e−

2π
ω2

(v−u))

S(−q2t̂(1− e−ω1V )e−
2π
ω2

(v−u))
, t̂ = e−

2π
ω2

t

Combined with LLM = MLL we can write the transformation

L(λ;x,X)Mt(λ;u, U)Mt′(λ; v, V ) → Mt′(λ; v, V )Mt(λ;u, U)L(λ;x,X)

in two different ways and as usual we expect the compatibility relation

Rt,t′(u, v)Lt′(v, x)Lt(u, x) = Lt(u, x)Lt′(v, x)Rt,t′(u, v)

It follows essentially from Schützenberger relation (Volkov 2003)

S(ex + eX) = S(ex)S(eX)

or pentagon identity (Kashaev, 2015.)
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Baxter Q operator.
Baxter Q-operator is defined as

Qt = TrVu
LN (t) · · ·L1(t)

in exact parallel to the transfer matrix

t(λ) = TrV 1
2

LN (λ) · · ·L1(λ)

One has the properties

[t(λ), t(λ′)] = 0 follows from R(λ, λ′)L(λ)L(λ′) = L(λ′)L(λ)R(λ, λ′)

[t(λ), Qt] = 0 follows from M(λ, t)L(λ)L(t) = L(t)L(λ)M(λ, t)

[Qt, Qt′ ] = 0 follows from R(t, t′)L(t′)L(t) = L(t)L(t′)R(t, t′)

and dual equations.
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Using the kernel representation for Lλ, and remembering that
xn = vn = un+1, we represent the operator Qλ by a kernel

Qλ(y, x) =

∫

duN · · ·

∫

du1

N
∏

j=1

Lλ(yj , uj+1;xj , uj)

The integrals can be done because of the δ-functions.
We obtain

Qλ(y, x) =
N
∏

j=1

wj(yj , xj , xj−1;λ)

with

wj = e−
2iπ

ω1ω2
λ(xj−yj)S(yj − xj−1 + κ2 −

i
2Ω)S(xj − xj−1 + κ1 +

i
2Ω)

S(xj − yj − λ+ i
2Ω)S(yj − xj−1 + κ1 + λ)
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Baxter equation.
We now derive the Baxter equation. We have

Q(y, x;λ) = wN (yN , x, λ) · · ·w1(y1, x, λ)

t(λ, y) = TrV 1
2

LN (yN , YN ) · · ·L1(y1, Y1)

hence t(λ, y)Qλ(y, x) = TrV 1
2

(LN (λ; yN , YN )wN ) · · · (L1(λ; y1, Y1)w1)

where (Lj(λ; yj , Yj)wj) means

L(λ; yj , Yj)wj(yj ;xj−1, xj ;λ) =





(e−
2π
ω2

λ − qe−ω1Yj )wj e−
2π
ω2

λ(d2 + qd1e
−ω1Yj )e−

2π
ω2

yjwj

e
2π
ω2

yjwj d2wj





At this point we recover our triangulation property

L(yj , Yj)wj(yj ;xj−1, xj) =

(

1 0

e
2π
ω2

xj 1

)(

Aj Bj

0 Dj

)(

1 0

−e
2π
ω2

xj−1 1

)

hence,
t(λ)Q(λ) =

N
∏

j=1

Aj +
N
∏

j=1

Dj
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From this we get immediately Baxter equation.

t(λ)Qλ(y, x) = (−q−1e
2π
ω2

λ)Ne−ω1p0Qλ−iω1
(y, x)+e

2Nπ
ω2

λ(d2+q−2d1e
− 2π

ω2
λ)NQλ+iω1

(y, x)

Applying to an eigenvector v(x) of both t(λ) and Qλ(y, x)

∫

dxQλ(y, x)v(x) = q(λ)v(y)

we obtain the scalar Baxter equation

tτ (λ)q(λ) = ρ
ω1
2 (σq(λ− iω1) + σ−1q(λ+ iω1))

q-Toda

tτ (λ) =
∏

2 sinh
1

ω2
(λ− τk), σ = i−N , ρ = e−

2πN
ω1ω2

κ1

Toda2

tτ (λ) =
∏

k

(e−
2π
ω2

λ − e−
2π
ω2

τk), σ = (−1)N , ρ = e−
2πN
ω1ω2

κ2e−p0

We of course have the dual equations ω1 ↔ ω2
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Analyticity properties of the solution
∫

dxQλ(y, x)v(x) = q(λ)v(y)

Qλ(y, x) =
N
∏

j=1

wj(yj , xj , xj−1;λ)

wj = e−
2iπ

ω1ω2
λ(xj−yj)S(yj − xj−1 + κ2 −

i
2Ω)S(xj − xj−1 + κ1 +

i
2Ω)

S(xj − yj − λ+ i
2Ω)S(yj − xj−1 + κ1 + λ)

According to Bytsko-Teschner, q(λ) develops a pole when there is a

pinching of the integration contour by poles of Q for values of λ
independent of x, y. This can happen only between the first term in the
numerator and the second term in the denominator. For q-Toda the first
term is absent and there is no pinching. For Toda2 the second term is
absent and there is no pinching either. Hence

For both q-Toda and Toda2, q(λ) is an entire function of λ.
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Solution of Baxter equation.

We want to solve Baxter equations with q(λ) entire.

tτ (λ)q(λ) = ρ(σq(λ− iω1) + σ−1q(λ+ iω1)

t̃τ̃ (λ)q(λ) = ρ(σq(λ− iω2) + σ−1q(λ+ iω2)

We introduce open chains Baxter equations.

tδ(λ)qL(λ) = ρσqL(λ− iω1), tδ(λ)qR(λ) = ρσ−1qR(λ+ iω1)

solutions are

qL(λ) = fL(λ)
∏

k

S−1(λ− δk), qR(λ) = fR(λ)
∏

k

S−1(−λ+ δk)

where fR, fL are Gaussian functions. These functions are modular
invariant. We promote them to exact meromorphic solutions of Baxter
equation for the closed chain by multiplying them by correction factors

q+(λ) = qL(λ)ν↑(λ)ν̃↑(λ)

q−(λ) = qR(λ)ν↓(λ− iω1)ν̃↓(λ− iω2)
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Plugging into Baxter equation, and using iω2-periodicity of ν↑/↓ and

iω1-periodicity of ν̃↑/↓ :

ν↑/↓(λ+ iω2) = ν↑/↓(λ), ν̃↑/↓(λ+ iω1) = ν̃↑/↓(λ)

we find

tδ(λ)ν↑(λ− iω1) +
ρω1

tδ(λ+ iω1)
ν↑(λ+ iω1) = tτ (λ)ν↑(λ)

tδ(λ)ν↓(λ) +
ρω1

tδ(λ− iω1)
ν↓(λ− 2iω1) = tτ (λ)ν↓(λ− iω1)

t̃δ(λ)ν̃↑(λ− iω2) +
ρω2

t̃δ(λ+ iω2)
ν̃↑(λ+ iω2) = t̃τ̃ (λ)ν̃↑(λ)

t̃δ(λ)ν̃↓(λ) +
ρω2

t̃δ(λ− iω2)
ν̃↓(λ− 2iω2) = t̃τ̃ (λ)ν̃↓(λ− iω2)
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We can eliminate tτ (λ). We find the relation

K(λ− iω1) = K(λ)

where K(λ) is the Wronskian

K(λ) = ν↑(λ)ν↓(λ)−
ρω1

tδ(λ)tδ(λ+ iω1)
ν↑(λ+ iω1)ν↓(λ− iω1)

With iω2-periodicity of ν↑/↓, we also have

K(λ− iω2) = K(λ)

hence K(λ) is an elliptic function. We make the choice K(λ) = 1. This

amounts to fixing the arbitrary elliptic function multiplying the solutions of
Baxter equation. We get

ν↑(λ)ν↓(λ) = 1 +
ρω1

tδ(λ)tδ(λ+ iω1)
ν↑(λ+ iω1)ν↓(λ− iω1)

and of course the dual equation also holds
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q+(λ) = qL(λ) × ν↑(λ)ν̃↑(λ)

x− xk

y − yk

Pole lattice of the functions q+(λ) and q
−
(λ).

× × × × × × × × ×

× × × × × × × × ×

× × × × × × × × ×

× × × × × × × × ×

× × × × × × × × ×

× × × × × × × × ×

× × × × × × × × ×

x− xk

y − yk

Poles and zeroes of qL(λ). λ− δk = iω1(x− xk) + iω2(y − yk).

× × × × ×

× × × × ×

× × × × ×

× × × × ×

x− xk

y − yk

× × × ×

× × × ×

× × × ×

× × × ×

× × × × ×

× × × × ×

× × × × ×

Pole pattern of ν↑(λ)ν̃↑(λ). × simple pole, • double pole.

ν↑(λ) x− xk

y − yk

× × × ×

× × × ×

× × × ×

× × × ×

× × × ×

× × × ×

× × × ×

Pole pattern of ν↑(λ) using iω2 periodicity.

ν̃↑(λ) x− xk

y − yk

× × × × ×

× × × × ×

× × × × ×

× × × ×

× × × ×

× × × ×

Pole pattern of ν̃↑(λ) using iω1 periodicity.
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Solution by NLIE.

ν↑(λ)ν↓(λ) = 1 +
ρω1

tδ(λ)tδ(λ+ iω1)
ν↑(λ+ iω1)ν↓(λ− iω1)

is a factorization problem ! Follow Nekrasov-Shatashvili, 2009;
Kozlowski-Teschner, 2010 : Define Yδ solution of the NLIE

log Yδ(λ) =

∫

C

dτ

2iω2

{

coth

[

π

ω2
(λ− τ − iω1)

]

− coth

[

π

ω2
(λ− τ + iω1)

]}

×

× log

[

1 +
ρω1Yδ(τ)

tδ(τ − iω1/2)tδ(τ + iω1/2)

]

Then

v↑(λ) = exp

{

−

∫

C

dτ

2iω2

(

coth

[

π

ω2
(λ− τ +

iω1

2
)

]

+ 1

)

logVδ(τ)

}

, λ ∈ B+ −

v↓(λ− iω1) = exp

{
∫

C

dτ

2iω2

(

coth

[

π

ω2
(λ− τ −

iω1

2
)

]

+ 1

)

logVδ(τ)

}

, λ ∈ B− + i

where Vδ(τ) = 1 +
ρω1Yδ(τ)

tδ(τ − iω1/2)tδ(τ + iω1/2)
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Bethe equations.

q(λ) = q+(λ)− ξq−(λ)

To kill the poles, which are on the lattice δk + iω1Z+ iω2Z, we have to
impose only N Bethe equations

q-Toda

2Niπκ1

ω1ω2
δk−log ξ−

Nπ

ω1ω2
Ωδk+

∑

l 6=k

log
S(−δk + δl)

S(δk − δl)
+I(δk)+Ĩ(δk) = iπ(2nk+1)

Toda2

2Niπκ2

ω1ω2
δk−log ξ−

Nπ

ω1ω2
Ωδk−

Niπ

ω1ω2
δ2k+

∑

l 6=k

log
S(−δk + δl)

S(δk − δl)
+I(δk)+Ĩ(δk) = iπ(2nk+1)

ν↑(λ)

ν↓(λ− iω1)
= eI(λ),

ν̃↑(λ)

ν̃↓(λ− iω2)
= eĨ(λ)

Notice that these Bethe equations are modular invariant.
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Conclusion

Bon Anniversaire

Jean-Michel
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