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Out-of-time-ordered correlation functions (OTOC)

C (x , t) = −
〈
[w (x , t) , v (0)]2

〉
β

I Terms like: 〈w (x , t) v (0)w (x , t) v (0)〉β
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Quantum chaos?
I Classical chaos: sensitivity of the orbits to infinitesimal perturbations in

initial conditions.
λ = lim

t→∞
lim

δZ0→0

1
t
ln
|δZ(t)|
|δZ0|

I In the quantum world only rigorously defined for systems that have a
semi-classical limit and thus the notion of trajectories.

I Large part of the quantum chaos theory built on the random matrix theory
- "quantum chaology". → So far, no "quantum Lyapunov exponent".

I The largest part of the theory limited to single particle systems → even
less understood for quantum many-body systems.



Overview of the OTOC
I Potentially the first genuinely quantum dynamical object to study

(many-body) chaos.
I Proposed in 2015 based on a 1969 work of Larkin and Ovchinnikov, soon

became a hot topic.

I For highly chaotic systems, the OTOC should grow exponentially:

C (x , t) ∝ eλL(t−|x|/vB )

I The upper bound:

λL ≤
2π
β

I Holography (AdS/CFT), large N gauge theories, Sachdev-Ye-Kitaev model:

H =
1

(2N)3/2

N∑
i,j,k,l=1

Jij ;klc
†
i c
†
j ckcl − µ

∑
i

c†i ci

I The OTOC are experimentally feasible.



Systems with local interaction
I Not a very exciting behavior of the OTOC (Lieb-Robinson theorem):

C (x , t) ≤ 4 ‖v‖2 ‖w‖2 e−µmax{0,|x|−vLR t}

Disordered nearest neighbor hopping
Majorana fermions (MBL)

Random field XXX chain (MBL)

Interacting electron gas



dOTOC, Weak quantum chaos [Phys. Rev. B 96, 060301 (2017)]

I To be a well defined measure of chaos, the OTOC have to have a nontrivial
t →∞ behavior. This can be achieved if the observables are unbounded.

I For example, one can take extensive observables

V ≡
∑
x∈Λ

vx , W ≡
∑
x∈Λ

wx ,

with wx , vx local and study the density of the OTOC (dOTOC):

c (N)(t) := − 1
N

(
〈[W (t),V (0)]2〉β − 〈[W (t),V (0)]〉2β

)
I Has the desired long-time properties.
I Proved that Lieb-Robinson theorem and exponential clustering property of

thermal states imply that dOTOC can grow at most polynomially in time
in locally interacting lattice theories:

c (N)(t) ≤ At3d

I In analogy to classical mixing systems with no butterfly effect: weak
quantum chaos.



Kicked quantum Ising model

H (t) = HIsing + Hkick

∑
n∈Z

δ (t − n)

=
∑
j

(
Jσx

j σ
x
j+1 + h

(
σz
j cos θ + σx

j sin θ
)∑

n∈Z

δ (t − n)

)

I A simple locally interacting model for which RMT shows that it is chaotic.
I A Floquet (time-periodical) system. These are themselves an active topic.
I For the transversal field (θ = 0), the model is integrable and θ can serve

as the parameter for integrability breaking.
I It is effectively time discrete - a quantum cellular automaton. It has a

sharp light-cone spreading of information with velocity 1.



Methods

We are computing the dOTOC in three different ways:
I Numerically (for the general case - θ ∈ [0, π/2] ) with two different

methods:
1. Exact propagation for N ∼ 12.
2. Using typicality arguments: 〈A〉 ≈ 1

|{|Ψrand〉}|
∑
{|Ψrand〉} 〈Ψrand|A |Ψrand〉

for N ∼ 22.

I Analytically, using fermionization, for the integrable case θ = 0 in the
thermodynamic limit N =∞.



Results



I OTOC of local observables saturated to a plateau within a single kick of
magnetic field.

I Two distinct behaviors of dOTOC: For a generic, nonintegrable case
(θ 6= 0) or if the observable is a sum of terms nonlocal in fermionic basis,
OTOC grows (linearly) to infinity −→ KI is weakly chaotic.

I For the integrable case and observables composed of operators quadratic
in the fermionic basis, OTOC saturates to a plateau (din spite to the
extensive observables). We prove that analytically.

I The plateau height is non-smooth at the Floquet phase transition line.
Probably also the slope in the linearly growing cases.



Conclusions

I The OTOC as originally defined are probably not a good measure of chaos
in locally interacting lattice theories.

I To get the required long-time behavior, one can take the density of the
OTOC of extensive observables.

I In locally interacting theories the growth of such a quantity is always
subexponential → weak quantum chaos.

I dOTOC can distinguish between different regimes of the KI model.
I Possible future research directions: dOTOC in the semiclassical regime,

dependence on the range of interactions, connection to the transport
properties,...
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