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@ In the bulk, particles hop right one site with rate p, and left with
rate q

@ Exclusion principle: there is at most one particle per site.
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@ In the bulk, particles hop right one site with rate p, and left with
rate q
@ Exclusion principle: there is at most one particle per site.

o At left boundary, particles enter with rate o and leave with rate
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Asymmetric simple exclusion process (ASEP).
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@ In the bulk, particles hop right one site with rate p, and left with
rate q
@ Exclusion principle: there is at most one particle per site.

At left boundary, particles enter with rate « and leave with rate

At right boundary, particles leave with rate 5 and enter with rate
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Asymmetric simple exclusion process (ASEP).
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@ In the bulk, particles hop right one site with rate p, and left with
rate q

@ Exclusion principle: there is at most one particle per site.

o At left boundary, particles enter with rate o and leave with rate

@ At right boundary, particles leave with rate 3 and enter with rate §

Macroscopic particle current in the stationary state
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Asymmetric simple exclusion process (ASEP).
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@ In the bulk, particles hop right one site with rate p, and left with
rate q

@ Exclusion principle: there is at most one particle per site.

o At left boundary, particles enter with rate o and leave with rate

@ At right boundary, particles leave with rate 3 and enter with rate §

Macroscopic particle current in the stationary state
— Goal: study the statistics of this current
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How to write efficiently this stochastic dynamics?

Matthieu VANICAT, University of Ljubljana qKZ equations and current fluctuations in the open ASEP



Fluctuations of the current in open ASEP Definition of the model
Cumulants generating function of the current

Integrability

How to write efficiently this stochastic dynamics?
@ Define a local basis
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How to write efficiently this stochastic dynamics?
@ Define a local basis

ool mwe)

@ Define a vector encompassing the configuration’s probabilities

P:(0,...,0,0)
P.(0,...,0,1)
|Pe) = . = ) Pln..m)n)®--®|n).
: Al goaog L =0,
Pe(1,...,1,1)
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How to write efficiently this stochastic dynamics?
@ Define a local basis

0 1
@ — )= <1> Ly — 0= (0) ’

@ Define a vector encompassing the configuration’s probabilities
P:(0,...,0,0)
P:(0,...,0,1)

|Pe) = . = ) Pln..m)n)®--®|n).

: Al goaog L =0,

P.(1,...,1,1)

@ The stochastic dynamics then writes

d|P:)
U — mip
dt ‘ f>7
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How to write efficiently this stochastic dynamics?
@ Define a local basis

0 1
@ — )= <1> Ly — 0= (0) ’

@ Define a vector encompassing the configuration’s probabilities
P:(0,...,0,0)
P:(0,...,0,1)

|Pe) = . = ) Pln..m)n)®--®|n).

: Al goaog L =0,

P.(1,...,1,1)

@ The stochastic dynamics then writes

L—1
d|P:) _ =
~a = MIP.), M_Bl+;mk,m+51
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How to write efficiently this stochastic dynamics?
@ Define a local basis

0 1
@ — )= <1> Ly — 0= (0) ’

@ Define a vector encompassing the configuration’s probabilities
P:(0,...,0,0)
P:(0,...,0,1)

|Pe) = . = ) Pln..m)n)®--®|n).

: Al goaog L =0,

P.(1,...,1,1)

@ The stochastic dynamics then writes

L—1
d|P:) _ =
~a = MIP.), M_Bl+;mk,m+51

Bi=B®R1l® ---®1, B=1®---®1®B
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How to write efficiently this stochastic dynamics?
@ Define a local basis

0 1
® — -3 = o= (5)
@ Define a vector encompassing the configuration’s probabilities
P:(0,...,0,0)
P:(0,...,0,1)
|Pe) = . = ) Pln..m)n)®--®|n).
: Al goaog L =0,
P.(1,...,1,1)

@ The stochastic dynamics then writes

L—1
d|P:) _ =
~a = MIP.), M_Bl+;mk,m+51

Bi=B®1® ---®1, B=1®---®1®B
M1 =10 ®1IMR1I®---®1
N—— N—_——

k—1 L—k—1
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Markov matrix:

L-1
M= B, + Z My k+1 + B,
k=1

o) 1)
—a 7y \0)
Y
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Markov matrix:
L—-1

M= B+ ms1+ B,
k=1
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Deformed Markov matrix:

L1
M(&) = Bi(€) + > mis1+ Bi,
k=1

COR B
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Deformed Markov matrix:
L-1
M(&) = Bi(€) + > miks1 + B, J
k=1
0 0 0 O
[ o /¢ |10 - p O =_( 90 B
B(£)<a§ —’y)m_ 0 g —-p O B( ) —3)
0 0 0 O

Deformation £ “counts” injected/removed particles
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e For ¢ =1, M(&) has a unique steady state, M|Ps.;) = 0.
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e For ¢ =1, M(&) has a unique steady state, M|Ps.;) = 0.

e For £ #1, M(&) is not Markovian, its leading eigenvalue is not zero

M(E)[V(E)) = No(§)[V(¢)). J
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e For ¢ =1, M(&) has a unique steady state, M|Ps.;) = 0.

e For £ #1, M(&) is not Markovian, its leading eigenvalue is not zero

M(E)[V(E)) = No(§)[V(¢)). J

@ Denote by Q7 the number of injected particles on the left boundary
during time interval [0, T].
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For £ =1, M(€) has a unique steady state, M|Ps.:) = 0.
For £ # 1, M(&) is not Markovian, its leading eigenvalue is not zero

M(E)[V(E)) = No(§)[V(¢)). J

Denote by Q1 the number of injected particles on the left boundary
during time interval [0, T].

(]

@ The cumulants generating function of the particle current is

B — [ %|n<eﬂQT>. |

T—o0
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For £ =1, M(€) has a unique steady state, M|Ps.:) = 0.

For £ # 1, M(&) is not Markovian, its leading eigenvalue is not zero

M(E)[V(E)) = No(§)[V(¢)). J

Denote by Q1 the number of injected particles on the left boundary
during time interval [0, T].

(]

@ The cumulants generating function of the particle current is

T—o0

B — [ %|n<eﬂQT>. |

@ We have the key relation E(u) = Ag(e*).
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For £ =1, M(€) has a unique steady state, M|Ps.:) = 0.
For £ # 1, M(&) is not Markovian, its leading eigenvalue is not zero

M(E)[V(E)) = No(§)[V(¢)). J

Denote by Q1 the number of injected particles on the left boundary
during time interval [0, T].

(]

@ The cumulants generating function of the particle current is

B — [ %|n<eﬂQT>. |

T—o0

@ We have the key relation E(u) = Ag(e*).

It’s a good candidate of thermodynamic potential for this
non-equilibrium system.
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Integrability

For £ =1, M(€) has a unique steady state, M|Ps.:) = 0.

For £ # 1, M(&) is not Markovian, its leading eigenvalue is not zero

M(E)[V(E)) = No(§)[V(¢)). J

Denote by Q1 the number of injected particles on the left boundary
during time interval [0, T].

(]

@ The cumulants generating function of the particle current is

B — [ %|n<eﬂQT>. |

T—o0

@ We have the key relation E(u) = Ag(e*).

It’s a good candidate of thermodynamic potential for this
non-equilibrium system.
— Goal: compute this leading eigenvalue. (Lazarescu, Mallick)
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Integrability of the deformed Markov matrix
@ There exists an R-matrix

p—qx p—qx
q(1—x) x(p—q)
p—qx p—qx

0 0

o o o
b
Q
=N
T
<

— o o o
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Integrability of the deformed Markov matrix
@ There exists an R-matrix

1 0 0 0
. 0 P=a p(1—x) 0
RH=1, d12 xoa

0 e pax O

0 0 0 1
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Integrability

Integrability of the deformed Markov matrix

@ There exists an R-matrix

1 0 0 0
. 0 P9 p(1—x) 0
RH)=1, 41 o a)

0 e pax O

0 0 0 1

()

=

X2 X3

with Ria(x) = R(x) ® 1 and Ra3(x) = 1 ® R(x)
@ It ensures the integrability of the bulk dynamics
0 0 0 O
ey |0 a9 P Of
(q p)R (1) - 0 q —p 0 =m
0 0 0 1

qKZ equations and current fluctuations in the open ASEP
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@ There exist K-matrices

Xi(”r*a)ﬂ(aﬂ’ﬂifn) . (E=1)v/¢

— | #®vtx(a—v+q—p)—a)  xPyitx(a—vy+q—p)—a)

K(X) - (x“—1)a& y—a+x(a—y+q—p)
Xytx(a—y+g—p)—a)  xX2y+x(a—v+q—p)—a)
x?(B—8)+x(6—B+p—q) (x*—1)8

w _ x2B+x(8—B+p—q)—95) x2B+x(5—B+p—q)—95)

K(x) = (>—1)s B—5+x(5—B+p—q)

x2B+x(6—B+p—q)—3) x2B+x(6—B+qg—p)—9)
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@ There exist K-matrices

P (y=a)+x(a—v+q—p) (E=1)v/¢
2~ 2
— | #®vtx(a—v+q—p)—a)  xPyitx(a—vy+q—p)—a)

K(X) - (x“—1)a& y—a+x(a—y+q—p)

Xytx(a—y+g—p)—a)  xX2y+x(a—v+q—p)—a)

x?(B—8)+x(6—B+p—q) (x*—1)8
2 _ x2B+x(8—B+p—q)—95) x2B+x(5—B+p—q)—95)
K(x) = (2—1)3 B—b64x(6—B+p—q)

X2B+x(6—B+p—q)—5)  X2B+x(6—B+q—p)—9F)

B (Xl) Ki () BRaxe) K (6) = Ku(e)B(wae)Ki(a)R <X1)

X2

(35 (2 (1) 5 (2 ()8 (2),
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Fluctuations of the current in open ASEP

@ There exist K-matrices
XZZ(”r*a)JrX(a*’Y*fJ*P) . (E=1)v/¢
— | #®vtx(a—v+q—p)—a)  xPyitx(a—vy+q—p)—a)
K(X) - , (X2—1)(Yf y—a+x(a—y+q—p)
Xytx(a—y+g—p)—a)  xX2y+x(a—v+q—p)—a)

x?(B—8)+x(6—B+p—q) (x*—1)8
2 _ x2B+x(8—B+p—q)—95) x2B+x(5—B+p—q)—95)
K(x) = (2—1)3 B—b64x(6—B+p—q)
x2B+x(6—B+qg—p)—9)

x2B+x(6—B+p—q)—0)

(x00) K (0) = Ki(30) B(xaxe)Ki (1) B <>X<2>

e (1) -5 (s () (2)

qKZ equations and current fluctuations in the open ASEP
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@ There exist K-matrices
XZZ(”r*a)JrX(a*’Y*fJ*P) (E=1)v/¢
_ xX2y+x(a—y+q—p)—a)
K(x) = (X2_1)f15"

x2y+x(a—y+q—p)—a)
Yy—atx(a—y+q—p)
x2ytx(a—y+q—p)—a)
(2-1)8
x2B+x(6—B+p—q)—9)
B—6+x(6—B+p—q)
x2B+x(6—B+qg—p)—9)

X2y +x(a—y+q—p)—a)

X*(B=8)+x(8—B+p—q)
2 x2B4+x(6—B+p—q)—§
K(x) = ((’XLBP(s q)=9)

x2B+x(6—B+p—q)—0)

)Kl(Xl)F?(XlXQ)Kl(XQ) = Kl(Xz)/\',?(X1X2)K1(X1)[-V? <;(2>’

(25 (2 (2) 5 2w ()8 (3)

X1

with Ki(x) = K(x) ® 1, Ka(x) =1 ® K(x), ...
@ It ensures the integrability of the boundary conditions

(@=p) priy _ [ /€ _ P—q)ryv_ (-0 B\ _5
5 K(l)—<a£ 7/>—B'(f§), 2K(1)(5 3>B
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@ They are the building blocks of the transfer matrix (Sklyanin)

t(x;x) = tro(Ro(X) Rot ( . ) ... Ro1 <::1> Ko(x) Rio(xx1) ... RLO(XXL))

XL
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Fluctuations of the current in open ASEP Definition of the model
Cumulants generating function of the current

Integrability

@ They are the building blocks of the transfer matrix (Sklyanin)

t(x;x) = tro(fN(o(X) Rot (;1) ... Ro1 <::1> Ko(x) Rio(xx1) ... RLO(XXL))

@ Yang-Baxter and reflection equations ensure the commutation
relation

[t(y;x), t(z;x)] = 0.
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Fluctuations of the current in open ASEP Definition of the model
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Integrability

@ They are the building blocks of the transfer matrix (Sklyanin)

t(x;x) = tro(fN(o(X) Rot (;1) . Ro1 < 1) Ko(x )Rlo(Xxl)---RLo(XXL))

@ Yang-Baxter and reflection equations ensure the commutation
relation

[t(y; ), t(z:x)] = 0.
@ The transfer matrix generates the deformed Markov matrix

(@—p),
5 t'(1;1) = M(¢)
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Fluctuations of the current in open ASEP Definition of the model
Cumulants generating function of the current

Integrability

@ They are the building blocks of the transfer matrix (Sklyanin)

t(x;x) = tro(fN(o(X) Rot (;1) . Ro1 < 1) Ko(x )Rlo(Xxl)---RLo(XXL))

@ Yang-Baxter and reflection equations ensure the commutation
relation

[t(y; ), t(z:x)] = 0.
@ The transfer matrix generates the deformed Markov matrix

(@—p),
5 t'(1;1) = M(¢)

@ In fact the deformed Markov matrix is related to the XXZ spin chain
with integrable boundaries

M(f) = UHxsz_1
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Matrix product const

gKZ equations and matrix ansatz
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qKZ equations and matrix ansatz Disierinad] e G

Matrix product construction

@ We would like to compute the ground state satisfying

M(E)|W(E)) = Ao(E)W(€)). |
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qKZ equations and matrix ansatz Disierinad] e G

Matrix product construction

@ We would like to compute the ground state satisfying

M(E)|W(E)) = Ao(E)W(€)). |

@ We make use of the integrable structure by introducing the
inhomogeneity parameters x = xg,...,x; and a further deformation
s in the ground state |V(x; s, &))
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. - Def
qKZ equations and matrix ansatz Gitemmes] greume| Siiis

Matrix product construction

@ We would like to compute the ground state satisfying

M(E)|W(E)) = Ao(E)W(€)). ]

@ We make use of the integrable structure by introducing the
inhomogeneity parameters x = xg,...,x; and a further deformation
s in the ground state |V(x; s, &))

@ We want to solve the exchange relations

Ki(1/x1)|V(1/x1,%2...)) = |[W(sx1,x2...)),
R(XL)‘\U( o .XL,1,XL)> = ‘\U( X1, 1/XL)>.

v X
R,'7,'+1 ( I+1>|\U(. « e Xjy Xi41 - - )> = ‘\U( ..X,'+1,X,'...)>
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qKZ equations and matrix ansatz Disierinad] e G

Matrix product construction

@ We would like to compute the ground state satisfying

M(E)|W(E)) = Ao(E)W(€)). ]

@ We make use of the integrable structure by introducing the
inhomogeneity parameters x = xg,...,x; and a further deformation
s in the ground state |V(x; s, &))

@ We want to solve the exchange relations

v X
R,'7,'+1 ( I+1>|\U(. « e Xjy Xi41 - - )> = ‘\U( ..X,'+1,X,'...)>

Ki(1/x1)|V(1/x1,%2...)) = |[W(sx1,x2...)),
R(XL)‘\U( o .XL,1,XL)> = ‘\U( X1, 1/XL)>.

@ These relations are called gKZ equations.
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. - Def
qKZ equations and matrix ansatz Gitemet] ] SEiE

Matrix product construction

Matrix ansatz
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. - Def
qKZ equations and matrix ansatz Gitemmes] greume| Siiis

Matrix product construction

Matrix ansatz
o General idea (Derrida, Evans, Hakim, Pasquier)

@ — A L A J
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qKZ equations and matrix ansatz Digiermd] e SEiE

Matrix product construction

Matrix ansatz
o General idea (Derrida, Evans, Hakim, Pasquier)

@ — A L A J

@ The component associated to configuration 7 = (7,...,7) of the
vector |V(x;s,&)) writes

U (x:5,€) = (WISAR(x1). - Ar_y (xt-1)An ()| V). |
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qKZ equations and matrix ansatz Digiermd] e SEiE

Matrix product construction

Matrix ansatz
o General idea (Derrida, Evans, Hakim, Pasquier)

@ — A L A J

@ The component associated to configuration 7 = (7,...,7) of the
vector |V(x;s,&)) writes

U (xi5,€) = (WISA (x1) .. Ar_y (xt-1)Ar, (x0)|V)- |

@ The deformed ground state is concisely written

[W(x;5,€)) = (WISA(x) @ ... ® A(x)| V), )
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. - Def
qKZ equations and matrix ansatz eI G S

Matrix product construction

@ In this context the gKZ equation translates into:

R (Xi+1>A(Xi) ® A(xiy1) = A(xir1) ® A(x),

K () (WISA () = (WISA (sx),

K(a)AGL) V) = A (1) V).
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. - Def
qKZ equations and matrix ansatz Gitemet] ] SEiE

Matrix product construction

@ In this context the gKZ equation translates into:

(5 Jace

A(x
K (xi ) (WIS (x71) = (WISA (sx),
Kea)AG)| V) = A (x71) V)

) ® A(xit1) = A(xit1) ® A(x;),

@ There exists an explicit polynomial solution |W(™)(x; s)) when
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. N Deformed ground state
qKZ equations and matrix ansatz SIOTMEE SIOUNT SEEs

Matrix product construction

Explicit construction of the solution
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. N Deformed ground state
qKZ equations and matrix ansatz Sl e

Matrix product construction

Explicit construction of the solution

The building blocks are a deformed oscillator algebra generated by e, d
and S

pde —ged=p—q, dS =sSd, Se=seS J
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. N Deformed ground state
qKZ equations and matrix ansatz Sl e

Matrix product construction

Explicit construction of the solution
The building blocks are a deformed oscillator algebra generated by e, d
and S

pde —ged=p—q, dS =sSd, Se=seS J

and paired boundary vectors (w| and |v))

(w](ae—rd) = (w|(p—q+7-0a),
(Bd —de)|v)) =(p—q+d—-P)|v), J
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Deformed ground state
Matrix product construction

qKZ equations and matrix ansatz

Explicit construction of the solution
The building blocks are a deformed oscillator algebra generated by e, d
and S

pde —ged=p—q, dS =sSd, Se=seS J

and paired boundary vectors (w| and |v))

(w](ae—rd) = (w|(p—q+7-0a),
(Bd —de)|v)) =(p—q+d—-P)|v), J

and ((w| and |v)):

(Wl (ce —~d) = (w| (=),
(8d —de) [v)) = (8 = 0) [V)). ’
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. N Deformed ground state
qKZ equations and matrix ansatz Sl e

Matrix product construction

Building on this algebra, we define

S(m) — SZm—l ® S2m—2 ®R...0 S3 ® 52 ® S7
AlM(x) = L(x)® ... ®L(x) ®b(x),

m—1 times
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. N Deformed ground state
qKZ equations and matrix ansatz - &

Matrix product construction

Building on this algebra, we define

S(m) — SZm—l ® S2m—2 ®R...0 S3 ® 52 ® S,
AlM(x) = L(x)® ... ®L(x) ®b(x),

m—1 times

with

(1 e).(1/x e/x _(1/x+e
L) = xd x d 1)’ b(x) = x+d
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. N Deformed ground state
qKZ equations and matrix ansatz grou e

Matrix product construction

Building on this algebra, we define

S(m) — SZm—l ® S2m—2 ®R...0 S3 ® S2 ® S,
AlM(x) = L(x)® ... ®L(x) ®b(x),

m—1 times

with

L(x) = (de )e:) & (1(/jx e{x) ’ b(x) = (1)/<x++de>

We also define boundary vectors

(W] = (wl® (W ®...® (w| ® (W] ©(w]
m—1 times
V) = ) @ 1) ®...® |v) ® [7) ®|v)).

m—1 times
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. N Deformed ground state
qKZ equations and matrix ansatz Sl e

Matrix product construction

Main result

For integer m > 0 and £ = s,

1
W (i) = ey (WISAM ) @ ... @ A Gan) V™),

with normalisation factor

Qlm = (wmsm|y(my J

is a solution of the gKZ equations.
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function and symmetric Koornw
ating function conjecture

Koornwinder polynomials and conjecture

Koornwinder polynomials and conjecture

Matthieu VANICAT, University of Ljubljana qKZ equations and current fluctuations in the open ASEP



Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

Symmetric Koornwinder polynomials

19
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Partltlon function and symmetric Koornwinder
ng function conjecture

Koornwinder polynomials and conjecture

Symmetric Koornwinder polynomials

@ We define the “partition function”

2m(x; s) = (1w (x; s)) )

19
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Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

Symmetric Koornwinder polynomials

@ We define the “partition function”

2m(x; s) = (1w (x; s)) J

o Z(M(x;s) is a Laurent polynomial which is symmetric under

1
Xi < Xj, Xj <> —.
Xj

19
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Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

Symmetric Koornwinder polynomials

@ We define the “partition function”

2m(x; s) = (1w (x; s)) J

o Z(M(x;s) is a Laurent polynomial which is symmetric under

1
Xi < Xj, Xj <> —.
Xj

o We can show that Z(™)(x; s) is the symmetric Koornwinder
polynomial P, (x).

19
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Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

Symmetric Koornwinder polynomials

@ We define the “partition function”

2m(x; s) = (1w (x; s)) J

o Z(M(x;s) is a Laurent polynomial which is symmetric under

1
Xi < Xj, Xj <> —.
Xj

@ We can show that Z(™)(x; s) is the symmetric Koornwinder
polynomial P, (x).
@ Symmetric Koornwinder polynomials are a family of orthogonal

polynomials: they satisfy difference equations and they have a
contour integral expression.

19
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Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

Link with the ground state

20
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Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

Link with the ground state

@ The gKZ equations imply the scattering relations

SV xi,..)) = V(... sx,...)), )

20
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Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

Link with the ground state

@ The gKZ equations imply the scattering relations

Si(X)V(...,x;,...)) = |V(...,sx,...)), J
@ When s = 1, we have the relations
0 2
Sillemy = t0i), 5 =Si¥)lsm=. =1 = HM(S)- J

20
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Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

Link with the ground state

@ The gKZ equations imply the scattering relations

Si(X)V(...,x;,...)) = |V(...,sx,...)), J
@ When s = 1, we have the relations
0 2
Sillemy = t0i), 5 =Si¥)lsm=. =1 = HM(f)- J

@ For s — 1, the scattering relation seems to degenerate into an
eigenvalue equation

20
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Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

@ To solve the gKZ equations, we imposed the constraint s = 51/’”.
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Partition function and symmetric Koo
Generating function conjecture

Koornwinder polynomials and conjecture

@ To solve the gKZ equations, we imposed the constraint s = 51/’”.
@ This implies that s — 1 when m — oc.
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Partition function and symmetric Koornw
Generating function conjecture

Koornwinder polynomials and conjecture

@ To solve the gKZ equations, we imposed the constraint s = 51/’”.

@ This implies that s — 1 when m — oc.

o We thus expect [W(™)(x;s = £1/™)) to converge toward an
eigenvector of the scattering matrices.
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Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

@ To solve the gKZ equations, we imposed the constraint s = 51/’".

@ This implies that s — 1 when m — oc.

o We thus expect [W(™)(x;s = £1/™)) to converge toward an
eigenvector of the scattering matrices.

We conjecture that

Wim)(x; s = £Y/m))

n1|i—r>noo Z(m)(x; s = ¢£1/m) = [Wo(x; £)),
I
i, T n (275 = €/7) = R,

where |W) and Fy are smooth functions of x.
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Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

@ To solve the gKZ equations, we imposed the constraint s = 51/’".

@ This implies that s — 1 when m — oc.

o We thus expect [W(™)(x;s = £1/™)) to converge toward an
eigenvector of the scattering matrices.

We conjecture that

Wim)(x; s = £Y/m))

n1|i—r>noo Z(m)(x; s = ¢£1/m) = [Wo(x; £)),
I
i, T n (275 = €/7) = R,

where |W) and Fy are smooth functions of x.
The second part of the conjecture can be rewritten with symmetric
Koornwinder

In(¢)

In (P(mL)(X; s= 5”’")) = Fo(x;¢).

Matthieu VANICAT, University of Ljubljana qKZ equations and current fluctuations in the open ASEP



Partition function and symmetric Koornw
Generating function conjecture

Koornwinder polynomials and conjecture

@ The function Fy(x; &) is symmetric.
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Partition function and symmetric Koornw
Generating function conjecture

Koornwinder polynomials and conjecture

@ The function Fy(x; &) is symmetric.
@ The vector |Wy(x;&)) is an eigenvector of the scattering matrices at
s=1

5i(%:1,€)|Wo(x:£)) = exp (x,-aaff(x; ) 1Volxi£)). J
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Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

@ The function Fy(x; &) is symmetric.
@ The vector |Wy(x;&)) is an eigenvector of the scattering matrices at
s=1

5i(%:1,€)|Wo(x:£)) = exp (x,-aaff(x; ) 1Volxi£)). J

@ The vector |Wy(1;¢)) is an eigenvector of the deformed Markov
matrix
_ p—q8F

M(OIWo(1:€)) = 2951

(1; €)|Wo(1;€)). }
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Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

@ The function Fy(x; &) is symmetric.
@ The vector |Wy(x;&)) is an eigenvector of the scattering matrices at
s=1

5i(%:1,€)|Wo(x:£)) = exp (x,-aaff(x; ) 1Volxi£)). |

@ The vector |Wy(1;¢)) is an eigenvector of the deformed Markov
matrix
_ p—q8F

M(OIWo(1:€)) = 2951

(1; €)|Wo(1;€)). }

@ We thus get a formula for the cumulants generating function of the
current

L p_qazF L
E(n) = Mo(e) = E9522(15 ). |
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Partition function and symmetric Koornw
Generating function conjecture

Koornwinder polynomials and conjecture

Toward an exact expression of Fy?
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Partition function and symmetric Koornw
Generating function conjecture

Koornwinder polynomials and conjecture

Toward an exact expression of Fy?
® The symmetric Koornwinder polynomial P,1)(x) is an eigenfunction
of a difference operator D
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Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

Toward an exact expression of Fy?
® The symmetric Koornwinder polynomial P,1)(x) is an eigenfunction
of a difference operator D
@ It translates into a differential equation for Fy:
L

> &i(x) [eXP (X,-(Zi’(x; 6)) - 1} + ggi(x‘l) [eXP (—X,gi_’(x; £)> - 1}

i=1

Sy ()

_ P
1 q )
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Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

Toward an exact expression of Fy?
® The symmetric Koornwinder polynomial P,1)(x) is an eigenfunction
of a difference operator D
@ It translates into a differential equation for Fy:
L

> &i(x) [eXP (X,-(Zi’(x; 6)) - 1} + ggi(x‘l) [eXP (—X,gi_’(x; £)> - 1}

i=1

1-(8) ap(p\t
:ﬁ(f—l) (75<q> —1/5)
gi(x) = (v=(p—g+y—a)—ax})(d—(p—qg+0d—B)x— Bx7)

70(1 = x2)?
L
o H (g% — pxi)(q — pxix;)

(x5 — xi)(1 = xx)

=1
i
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Partition function and symmetric Koornw
Generating function conjecture

Koornwinder polynomials and conjecture

Arguments which support the conjecture

24

Matthieu VANICAT, University of Ljublj tions and current fluctuations in the open ASEP



Partition function and symmetric Koo
Generating function conjecture

Koornwinder polynomials and conjecture

Arguments which support the conjecture

@ For L =1, the previous equation can be analytically solved...

24
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Partition function and symmetric Koornw
Generating function conjecture

Koornwinder polynomials and conjecture

Arguments which support the conjecture

@ For L =1, the previous equation can be analytically solved... and
provides the correct value of the generating function E(y) !!!

24
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Partition function and symmetric Koornw
Generating function conjecture

Koornwinder polynomials and conjecture

Arguments which support the conjecture

@ For L =1, the previous equation can be analytically solved... and
provides the correct value of the generating function E(y) !!!

@ For L = 2,3 we can evaluate numerically Fo(x;¢)

24
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Partition function and symmetric Koor
Generating function conjecture

Koornwinder polynomials and conjecture

Arguments which support the conjecture
@ For L =1, the previous equation can be analytically solved... and
provides the correct value of the generating function E(yu) !!!

@ For L = 2,3 we can evaluate numerically Fo(x;¢)
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Partition function and symmetric Koornwinder
Generating function conjecture

Koornwinder polynomials and conjecture

Thank you!
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